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Higher Derivatives

2
If y:(x+\/x2 +1)p , prove that (1+x2)j—Z+X3—y—pZY=0-
X X

Differentiate this equation n times by Leibnitz’s Theorem.

n

j 3: =(-1)"nlcos(n+1)sin"* 6, Where Xx=cot6.
X

If y= X , prove that
1+x°

(Those who know complex numbers may try to prove without induction.)

2
If y=(sin*1x)2’Showthat (1_X2)3 —xd—yzz_
NG

dx

Apply Leibnitz’s theorem to this equation to find a relation between  yy, Yn+1, Ynr2, Where y, :d_y.
dx

If y=(*-1)" prove that (X" — 1)yne2 + 2XYnes = N(N + 1)y, = 0. If = 21 : dd {(x2 —1)n } show that P
"nldx"
satisfies the equation: (1 —x?)y, + 2xy; —n(n + 1)y = 0, where Y, :d—y.
XI’

If y=(1- xz)% sin""x , prove that
. , dy ) B n+l ny n—ly
(i @-x )d—+xy=1—x (i) (@-x ) —(2n 1)x -n(n- 2) - =0, wheren> 2,

X dx"

X 2
Differentiate n times with respectto x, (i) @iy —.
x* —a’ (x2 - az)
, d? dy dy
Prove that, if y=x%cos x, then x? —4x— +(x +6)y=0.
x? dx
_ ny dn 2y

Deduce that, when x =0, (n-2)(n —3) +n(n- 1)

2
Showthatif y=(x—a)'(x=b)",  (x—a)(x—b) j Y
X

—(n—l)(2x—a—b)d—y—2ny=0
dx

n 2

and that, if u=jx (x—a)(x— b) +(2x a- b)——n(n +)u=0

If y?=sec2x, show that d;’ +y=3y°.

If  x=c(2c0s0 + cos 26), vy =c(2sin 6 - sin 260), find j—i intermsof ©.
and prove that : SC% = cscE eseCB%G .

If y=A"+a™ x=A+A"%,  prove that

2 d
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2
If x=cos®, y=cos’ph, prove that (1—x2)d—y—xd—y+4p2y—2p2:0 and
dx®>  dx
dn+2y dn+1y dny
1-x*)—=—(2n+1)x +(4p® —n?)—==0.
( )dx”*z ( ) e (4p )dx“

F (-x) , where

n

Show by Mathematical Induction that dd (e_j =(-1)"n! eml
X

X
2 n 2n H 1
F (x)= 1+ 205 Hence deduce that d [ﬂj =(-1)" m[C2n (x)sinx —S,, , (x)cosx],
2 n! dx*" U x X2
n ) X2i n-1 _ X2i+l
where  C, (X)= ) (-1’ , S, (X) =) (1) . (Complex number theory is needed.
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. 1 .
Show that the Tchebycheff polynomial : T, (x):Fcos(mcos‘1 X) satisfies

L=X)Tm"(X)=XTm'(X) +m?Tr(x)=0.

Show that the Legendre polynomial : P, (x) = 1 d (x? -1)"
2" m! dx™

(1 =%%) P (X) = 2X P "(X) + m(m + 1) Pry(X) = 0.

Hint: Differentiate m+1 timestheequation: (x*-1)u’=2mxu , where u=(x*-1)".

i d'y
If y=sinin(l+x),and vy, =d— , prove that

Xr
() (@+x)?y,+(L+x)y1+y=0 (i) (LX) Yne + (20 + 1)L+ X)Ype1 + (0 + 1)ya = 0
2 d'y,
If y,=e and Yy, = I~ VreN, provethat Ypag—2Xy,—2ny,q =0.
X

If u, :e’xzyn , prove by induction with respectto r that, for 0<r<n,

d’ d"

U _ 2'n(n-1)..(n-r+2)u,,, andhence evaluate U .
dx’ dx"

(@ Let y=e™sinbx, where a=0, b=0. Prove that, for any positive integer n,
d Y _(a? +b?)2e™sin(bx +ng), where 008 = ——0, sing= :
dx" a% +b? a? +b?

n

(b) For afunction u, we define the n-th derivative by u™ and u®=u.

dx"

" n
Prove that, for any positive integer n, (u-v)™ =% (k)u(”k)v(k’ ,

k=0
n n!
where (j:— and 0'=1.
K) ki(n-k)!

(©) Makinguseof (a) and (b),showthat (a”+b)ze™sin(bx+ng)=>" (E]a”kbk sin(bx +%) .
k=0



